The physical relevance of the thermodynamic volumes of AdS black holes to the gravity duals of quantum complexity was recently argued by Couch et al. In this paper, by generalizing the Wald-Iyer formalism, we derive a geometric expression for the thermodynamic volume and relate its product with the thermodynamic pressure to the non-derivative part of the gravitational action evaluated on the Wheeler-DeWitt patch. We propose that this action provides an alternative gravity dual of the quantum complexity of the boundary theory. We refer this to "complexity=action 2.0" (CA-2) duality. It is significantly different from the original "complexity=action" (CA) duality as well as the "complexity=volume 2.0" (CV-2) duality proposed by Couch et al. The latter postulates that the complexity is dual to the spacetime volume of the Wheeler-DeWitt patch. To distinguish our new conjecture from the various dualities in literature, we study a number of black holes in Einstein-MaxwellDilation theories. We find that for all these black holes, the CA duality generally does not respect the Lloyd bound whereas the CV-2 duality always does. For the CA-2 duality, although in many cases it is consistent with the Lloyd bound, we also find a counter example for which it violates the bound as well.
Introduction
Quantum computational complexity (or quantum complexity, in brief) is defined by the minimal number of quantum gates needed to build a target state of interest from a reference state. It is straightforward to see that any way to produce the state has already put constrains on the growth of the quantum complexity. In the field of quantum computations, it is believed that at exponentially late time, the growth of the complexity is linearly proportional to time. The proportional coefficient is postulated to be the double of the total energy of the system [1]Ċ (|ψ(t) ) ≤ 2E π .
This is known as the Lloyd bound. The linear growth at late time and the consistency with the Lloyd bound provide two guidelines for one to search the holographic duals of quantum complexity of the dual field theories.
The first holographic dual [2] postulates that the complexity is dual to the volume of the maximal spacelike hypersurface crossing the Einstein-Rosen bridge. The proposal, known as "complexity=volume" (CV) duality, correctly captures the linear growth of the complexity at late time but has a minor problem that a length scale should be properly chosen by hand in a case-by-case basis. This problem is cured by the "complexity=action" or (CA) duality [3, 4] , which states that the complexity is dual to the gravitational action evaluated on the Wheeler-DeWitt (WDW) patch (the WDW patch of a Schwarzschild black hole is shown in fig.1 )
where the prefactor is chosen such that Schwarzschild-AdS black hole saturates the Lloyd bound. This is of course a conjecture as well but is fascinating since black holes are believed to be the fastest scramblers in nature [5] . The new proposal since then has attracted a lot of attentions in literature (see, for example [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] ).
However, it also has problems at the very start. As pointed out by Brown et al in [3, 4] , for a Reissner-Nordstrøm (RN) black hole the CA-duality generally does not respect the Lloyd bound 1 . In addition, to adopt the CA-duality one should deal with boundary terms, including joint terms appropriately. However, it is problematic for certain cases, such as magnetically charged black holes and higher derivative gravities (for recent developments, see [19, 20] ). 1 In fact, in this paper we investigate the CA-duality for a number of black holes in Einstein-MaxwellDilaton theories and find that they all do not respect the Lloyd bound Then is it possible that there exists an alternative and better holographic dual to the complexity? It was established in a very nice paper [21] that the spacetime volume of the WDW patch might be such an alternate choice. It was conjectured there that (dubbed by "complexity=volume 2.0" or CV-2 duality)
where P denotes the thermodynamic pressure. This new proposal has several advantages:
it is pure geometric but does not have the ad hoc of the original CV-duality; it is more easier for practical calculations because of no boundary terms needed; more importantly, in certain cases (for example, the RN black hole), it respects the Lloyd bound whereas the CA-duality does not.
In the same paper [21] , the authors also discuss the physical significance of the thermodynamic volumes of AdS black holes to the growth of the complexity. It was shown that in CA-duality the thermodynamic volume arises naturally in the calculations of the late time rate of change of the complexity. For a number of black holes in the Einstein-Maxwell theory (including pure Einstein gravity), they find that the thermodynamic volume simply equals to the late time growth of the spatial volume of the WDW patch but they have no proof for general cases.
Inspired by the discussions of [21] , we revisit how thermodynamic volume is derived in the generalized Wald-Iyer formalism. Our new finding is that generally the thermodynamic volume indeed has a geometric expression which is however not equivalent to the spatial volume of the WDW patch. In fact, its product with the thermodynamic pressure is nothing else but a part of the non-derivative action that is relevant to the cosmological constant (we call it Λ-action in brief). This makes it clear why the thermodynamic volume contributes to the growth of the complexity in the CA-duality. Considering its physical relevance to the holographic duals of quantum complexity, we propose that the Λ-action itself is dual to the complexity of the boundary field theories. To avoid confusions, we refer it to "complexity=action 2.0" or CA-2 duality. To explore which one of the above dualities is the best holographic dual of the complexity, we study a number of black holes in EinsteinMaxwell-Dilaton (EMD) theories. We find that for all these black holes, the CA-duality generally does not respect the Lloyd bound whereas the CV-2 duality always does. For the CA-2 duality, though in many cases it is consistent with the Lloyd bound, we also find a counter example for which it violates the bound as well.
The paper is organized as follows. In section 2, we study the CA-duality for general static solutions in Einstein gravity. By using Wald-Iyer formalism, we prove that the late time growth of the action of the WDW patch can always split into two terms: one is the bulk action evaluated in the black hole interior and the other is the Gibbons-Hawking boundary term evaluated on the (inner and outer) event horizon. This greatly simplifies the calculations of complexity in CA-duality. In section 3, we derive a geometric expression for the thermodynamic volume by generalizing the Wald-Iyer formalism. Under some reasonable assumptions, we show that its product with the thermodynamic pressure essentially gives the non-derivative action that is linearly proportional to the cosmological constant. We thus propose the CA-2 duality. In section 4, we calculate the complexity by using the CA/CA-2/CV-2 dualities respectively for a variety of black holes in the EMD theories. We conclude in section 5.
2 The Noether charge and CA duality
The Noether charge and bulk action
It was first developed by Wald and Iyer [22, 23] that for a generic gravity theory with diffeomorphism invariance, the thermodynamic first law of a stationary black hole can be systematically derived via the Noether charge associated to a time-like Killing vector field.
The method is known as Wald-Iyer formalism (or Wald formalism) in literature. It provides a powerful tool to derive the first laws of black holes even if the solutions are numerical (see, for example [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] ). To begin our story, let us first review how the Noether charge is introduced in the Wald-Iyer formalism.
Variation of the action with respect to the dynamical fields, one finds
where Φ collectively denotes all the dynamical fields (the metric and matter fields) and E Φ = 0 are the equations of motion. Without confusion, the tensor indices of Φ have been omitted for the sake of simplicity. Note that the current J µ depends linearly on the variation of the dynamical fields δΦ. From this current J µ , one can introduce a current 1-form and a current (n-1)-form as follows
The Noether current (n − 1)-form is defined by:
where ξ (1) · denotes the contraction of ξ to the first index of the tensor it acted upon. It was first shown by Wald [22] that
where E (n) denotes the n-form equations of motion. Thus, one can define a Noether charge (n-2)-form as
where E.O.M denotes the terms proportional to the equations of motion. Then taking the dual form of the equation (6), one finds
where Q (2) is the Noether charge 2-form and we have dropped the terms of the equations of motion. This gives rise to
Here it is worth emphasizing that the above Noether charge is defined for any vector field ξ that is not limited to a Killing vector field. However, when ξ is a Killing vector field, one has δΦ = L ξ Φ = 0 leading to J µ (δΦ) = 0 since the current J µ depends linearly on δΦ. With this observation, it was shown in [38, 39, 40] that the Noether charge of a timelike/space-like Killing vector field is dual to the heat current/shear stress in the boundary.
This greatly simplifies the derivation of thermal-electric conductivities as well as the ratio of shear viscosity to the entropy density in the AdS/CFT correspondence.
For later purpose, we consider generally static solutions with spherical/hyperbolic/toric isometries. By taking ξ = ∂/∂t, we find
where the r.h.s of the equation is nothing else but the Lagrangian of the on-shell solutions.
Hence, the bulk action defined on any space-time region can split into several boundary terms of the same region. This plays an important role in our calculations of the action growth for generally static solutions, as will be shown later.
The action growth and CA-duality
In this subsection, we will calculate the growth of quantum complexity of the dual field theories by using the CA-duality. The CA-duality relates the complexity of the boundary CFT state to the gravitational action evaluated on the Wheeler-DeWitt (WDW) patch (see Fig.1 ). For simplicity, we will drop the overall factor 1/π and focus on the growth of the action at late time in the following. In literature, it is known that the computation of the action growth of the WDW patch can be performed by using two different methods which were developed in [3, 4] and [6] respectively. In particular, the latter is more rigorous with a more careful treatment of the boundary terms of the WDW patch. It has been found that the two methods give the same results for the Schwarzschild and Reissner-Nordstrøm black holes. Here our new contribution is we will prove the two methods are in fact always equivalent for generally static solutions with maximal symmetries, even if without knowing the details of the solutions.
To be concrete, we focus on generally electrically charged static solutions in EinsteinMaxwell-Dilaton (EMD) theories. The bulk action is given by
We take a general ansatz for the static solution
Without joints
We shall first calculate the action growth using the method in [3, 4] . The total action is given by the sum of the bulk action and the Gibbons-Hawking (GH) boundary term
The key ingredient of the calculations of [3, 4] is that the late time growth of the action of the WDW patch is essentially given by the bulk action evaluated in the black hole interior, together with the GH boundary term evaluated on the (inner and outer) event horizon.
The null boundaries and joints do not have effective contributions. Hence, integrating the equation (11) on the WDW patch, one findṡ
where ω n−2 ≡ Σ n−2 √ γ dx 1 dx 2 · · · dx n−2 denotes the volume factor of the codimension-2 subspace andḡ ≡ g/γ. r ± denote the outer and inner horizon of the black hole (r − → 0 when the inner horizon is absent or in other words, the singularity is viewed as the inner horizon of the black hole). It should be emphasized that the above result is formal and valid to general gravitational theories with diffeomorphism invariance. For the EMD theories, the Noether charge 2-form is given by
Then substituting the static solution (13) into the action, we deducė
Thus, the growth of the total action iṡ
To verify the above result, we first consider a Schwarzschild black hole which has
We easily findṠ = 2M , which saturates the Lloyd bound. For a Reissner-Nordstrøm (RN) black hole
we obtainṠ
These results are exactly matched with those published in [3, 4] .
With joints
Despite that the method in [3, 4] looks simple, the contributions of the joints at which the null boundaries intersect are totally ignored. This was questioned in [6] . In fact, to compute the action growth of the WDW patch more rigorously, one should treat the joint terms more carefully. In an infinitesimal time process t L → t L + δt, the action growth of
where V 1 and V 2 denote the upper and lower slivers in Fig.2 , respectively. S KdΣ is the GH boundary term evaluated at the black hole singularity and b = log|k ·k|, where k and
The action growth of the WDW patch of an uncharged black hole. In the time process t L → t L + δt, the patch loses a sliver V 2 (Blue) and gains another one V 1 (Green).
k are the two null normals to the corner pieces. For the following calculations, it will be convenient to introduce the null coordinates u and v defined by
where r * (r) = dr(hf ) −1/2 is the tortoise coordinate. Thus, the metric can be written as
in the ingoing coordinate and
in the outgoing coordinate, respectively. In addition, note that dt
we have a simple and useful relation
where w collectively denotes the various time coordinates t, u, v.
First, we consider the difference of the action between the two rectangles
where in the first "=", we denote r = λ(u) to describe the null hypersurface v = v 0 + δt.
The function λ(u) can be solved by the equation r * λ(u) = 1 2 (u − v 0 − δt). In the second "=", we have used Eq. (11) . Similarly, for the rectangle V 2 , we have
Here we define r = λ 0,1 (v) to describe the null hypersurfaces u = u 0 ,1 . They are determined
. Then changing the variables u = u 0 +v 0 +δt−v in the integral of S V 1 , we find
where we have identified λ 0 (v) = λ(u) since they both describe a same radii at which the null boundaries u = u 0 and v = v 0 + δt intersect. Combining the above results, we deduce
Considering the radii r = λ 1 (v) varies from r B to r B as v increases from v 0 to v 0 + δt, we find r B = r B + O(δt) since the variation of the radius is very small. In particular, at late time, r B approaches to r + . So the volume contribution to δS is
This is consistent with Eq. (15) . Then comparing Eq. (22) with Eq. (14), we still need prove the joint terms ±2 bdS contributed by the codimension-2 surfaces B and B reproduce the GH boundary term evaluated at the event horizon.
Following the conventions in [6] , we write the null normals as
where c andc are arbitary positive constants which can be fixed by implementing the asymptotic normalizations k ·t L = −c andk ·t R = −c, wheret L,R are the asymptotic there are some new joints C , C which also contribute to the action growth.
Killing vectors which are normalized to describe the time flow in the left and right boundary theories, respectively. With these choices, we have k ·k = −2cc/h, so that
We deduce
where p(r) = −ρ n−2 log h 2cc . Since the variation between r B and r B is very small, we can perform a Taylor expansion for p(r) around r = r B . Note that the displacement is in the direction of the v-axis. We have du = 0, dv = δt, and dr = − 1 2 √ hf δt. This gives rise to
Evaluating this at late time (r B approaches to r + , f and h approach to zero), we obtain
exactly as expected. This completes our proof for the uncharged black holes.
Extension to charged black holes
We can extend our previous results to charged AdS black holes with an inner horizon. The WDW patch is shown in Fig. 3 . It is easily seen that there are some new joints C and C contributing to the action growth. We have
where b = −b. As previously, the volume contribution to the action at late time is given by the bulk action evaluated at the black hole interior. We have
where we define r = λ 1 (v) and r = λ 1 (u) to describe the null surfaces v = v 1 and u = u 1 respectively. Likewise, according to our previous discussions, the joint contributions read
Thus,
We again reproduce Eq. (14), although the joint contributions are treated more carefully.
However, mathematically this is a more rigorous method to calculate the growth of the complexity of the dual field theories. In particular, the method itself is not limited to the late time. For example, it can be applied to the calculations of the full time evolution of the complexity in a dynamical space-time whereas the method of [3, 4] cannot (we refer the readers to [10] for details on this topic).
Furthermore, though we focus on Einstein gravity in this paper, the above discussions show some universal features so that it may be generalized to higher derivative gravities.
The total action growth of the WDW patch is given by two pieces of contributions: one is the bulk action of the black hole interior and the other is the joint terms
For Einstein gravity, we have proved that at late time δS joint → δS GH r + − δS GH r − .
However, for general higher derivative gravities, it is of great difficult to derive the specific form of the joint terms. Nonetheless, we notice that the late time limit is in some sense equivalent to the smooth limit of the boundaries. If this is correct, the above argument should not rely on the details of the gravity theories as well as the form of the solutions.
To discuss this, we first recall that the (smooth) boundary action S BDY for a gravitational theory is derived by the variational principle. Likewise, when the boundary is non-smooth, the contributions of the joints should be included if the variational principle is well defined. Thus,
where " " means the equation is valid in the smooth limit. When the bulk region is the WDW patch, ∂M i are the corresponding null boundaries which however do not contribute to the action growth. So we may conclude
at the late time limit. This does not depend on any details of the theories and the solutions.
Thus, we argue that for general higher derivative gravities, the late time growth of the action of the WDW patch is simply given by
Application to hairy black holes
Now we would like to compute the action growth for a number of scalar hairy black holes using Eq. (18) . The results will be compared with the growth of the complexity derived from different proposals (see sec.4). The Lagrangian density of Einstein-Scalar gravity takes the form of
where U (φ) is the scalar potential which has a small φ expansion as U = 2Λ + 1 2 m 2 φ 2 + · · · . For later convenience, we parameterize the cosmological constant as Λ = − 1 2 (n−1)(n−2)g 2 , where g = 1/ is the inverse of AdS radius. We find that for scalar hairy black holes, the action growth of the WDW patch at late time takes the form oḟ
where δ is no longer an universal constant. It depends on the parameters of theories as well as those of the solutions.
For example, for the scalar hairy black hole found in [41] , one has U = −2g 2 cosh φ + 2 − 2α 2 φ cosh φ + 2 − 3 sinh φ ,
By simple calculations, we obtaiṅ
For a different potential
there exists a class of hairy black holes [42] 
where the parameter 0 ≤ µ < 1. The growth of the action is given bẏ
From these two examples, one finds that the action growth of spherical/planar hairy black holes does not respect the Lloyd bound 2 . They may satisfy a modified upper boundṠ ≤ 3M .
However, this is not true. We consider the hairy planar black holes in [43] . The scalar potential is given by
µ , 2 We also note that the action growth of the hyperbolic black holes violates any upper bound of the forṁ S ≤ βM . In many cases, this happens as well for the CA-2 and CV-2 dualities. These results may suggest that the WDW patch of hyperbolic black holes is not dual to the complexity of the boundary theories. So we shall focus on spherical/planar black holes in this paper.
and the solutions read
We deduceṠ
where µ 2 k 2 0 < 2(n − 1)(n − 2) is a sufficient condition to guarantee the existence of the event horizon [43] . In this case, by tuning the parameters appropriately, one can have an arbitrary large value for δ and henceṠ will violate any modified upper bound.
3 Thermodynamic volume and complexity
Thermodynamic volume from Wald-Iyer formalism
It was shown in [21] that by generalizing the Wald-Iyer formalism, the thermodynamic volume can be calculated for any stationary black hole solutions. In fact, the discussions there are valid for all the coupling constants (denoted by λ α ) in the Lagrangian. In the extended phase space, the variation of the action reads
where the summation over α index is understood. Following the standard procedure, it is easy to show that
where
and Σ is a Cauchy surface with two boundaries A n−2 , one on the horizon and the other at infinity. Without the variation of the coupling constants λ α , the above equation gives the original thermodynamic first laws of stationary black holes. Hence, roughly speaking, the equation (57) generalizes the first laws of black holes in the extended phase space so that one may systematically introduce new pairs of thermodynamic conjugates. However, there still exists some subtleties. For example, if we take λ α to be the cosmological constant Λ, the integral on the r.h.s of Eq.(57) will diverge at the asymptotic infinity. This should be treated carefully. In fact, in view of the first law of thermodynamics, a same divergent term should emerge in δH ∞ as well so that the final result of Eq. (57) is still finite. This can be checked in a case-by-case basis, as shown in [21] . Thus, we propose
where δH reg ∞ = δH ∞ − divergent terms and r + is understood as the integral is regularized by removing the divergent terms at the asymptotic infinity. It should be emphasized that the above volume V is in general not identical to the thermodynamic volume defined in the usual way V = ∂M/∂P S . The two quantities may differ by some constant terms independent of r + (before the horizon condition h(r + ) = 0 substituted into the integral).
We introduce an illusive radius r i such that
Of course, the value of the radii r i should be solved from this equation. We find that it could be either zero or non-zero and even has multivalues. However, these extra degrees of freedom can be removed by imposing proper "boundary conditions". For example, when the black hole does not have an inner horizon, we require r i = 0 because in this case the thermodynamic volume defined at the singularity should vanish (recall that in this case, the singularity can be taken as the inner horizon of the black hole). Indeed, we can verify this very carefully for all the black holes studied in this paper. On the other hand, when the black hole has an inner horizon, one can define the thermodynamic volume V − by replacing r + → r − in Eq.(60) without changing the value of r i . However, as will be shown later, in this case the detail of r i is irrelevant for our discussions.
From Eq.(60), we will show that the thermodynamic volume is closely related to the non-derivative part of the gravitational action evaluated on the WDW patch under some reasonable assumptions.
Complexity=action 2.0
To gain some physical insights from Eq.(60), we first split the action into kinetic terms (including boundary terms) and non-derivative terms, namely
terms so
This is natural. The second assumption is the potential term U depends linearly on Λ: and the dotted terms are independent of Λ. Hence, we have
Of course, this condition can be easily violated when the Lagrangian density contains additional coupling constants. For instance, if α is a coupling constant which has a length dimension [L] −2σ , then one can redefine α =ᾱ Λ σ . In fact, this corresponds to choosing a different extended phase space so one naturally finds a different thermodynamic volume.
However, as will be shown later, we are well motivated to study the thermodynamic volume defined in the extended phase space spanned by the linear Λ term.
Under the above two assumptions, we find that the thermodynamic pressure multiplied by the thermodynamic volume is nothing else but a part of the non-derivative action (we call it Λ-action) evaluated on the WDW patch. We havė
For the black holes without an inner horizon, we have r i = 0. Otherwise, we can define S Λ − for the inner horizon and finḋ
which is still the same part of the growth of the action at late time evaluated on the WDW patch. Note that the r − → 0 limit reduces to the case without an inner horizon.
From these results, it becomes clear that the thermodynamic volume is in general not equal to the spatial volume of the WDW patch. The two conceptions just coincide by chance when the potential U = cons × Λ + · · · . Indeed, the discussions in [21] were focused on black holes in Einstein-Maxwell theory (including pure Einstein gravity) which has U = 2Λ. In this sense, it is not a surprise that in that paper the authors found the space-time volume of the WDW patch is related to the thermodynamic volume.
Despite that the authors of [21] were not aware of the two conceptions are in general not equivalent, it has been shown in the paper that the "complexity=volume 2.0" duality favors over the original CA-duality proposed by Brown et al in the sense that there are some cases for which the former respects the Lloyd bound whereas the latter does not. However, now one may be confused by which of the two quantities: the spacetime volume or the thermodynamic volume, is a better notion for the gravity duals of quantum complexity. We would like to investigate this in details in the next section. Here we propose complexity = action 2.0 :
where S Λ is defined on the WDW patch and is not limited to late time. To avoid confusions, we refer it to "complexity=action 2.0" (CA-2) duality. By contrast, the original "complexity=volume 2.0" duality proposed in [21] is complexity = volume 2.0 :
where S V = S Λ when U Λ = 2Λ. In particular, when U Λ ≥ 2Λ, we will have
where the second "<" is guaranteed by the positivity of the kinetic action. So it is possible that for certain cases the CA duality does not respect the Lloyd bound whereas the CA-2 and CV-2 dualities does.
4 Complexity=action 2.0 vs complexity=volume 2.0
AdS planar black holes
To investigate whether our new conjecture is reasonable, we first study AdS planar black holes. For Einstein-Scalar gravity, the scalar potential in general contains two classes of dimensional parameters: the cosmological constant Λ and the other coupling constants Θ α , both of which have length dimension [L] −2 . The first law of thermodynamics in the extended phase space reads
where Υ α is the thermodynamic conjugate of Θ α . Here for simplicity we have assumed the "scalar charges" of the solutions do not contribute to the first law (This assumption is valid for all the hairy black hole solutions discussed in section 2.3. In fact, although it was established in [25] that the first law is significantly modified by the "scalar charges", a recent paper [44] shows that the first law remains unchanged if the black hole mass is properly redefined. ). On one hand, by scaling dimensional arguments, one finds the Smarr relation is
On the other hand, the AdS planar black holes have an extra scaling symmetry, which leads to a generalized Smarr relation [45] (n − 1)M = (n − 2)T S .
Combining the above results, we arrive at
provided the thermodynamic conjugates (Υ α , Θ α ) are positive definite. Thus, in this case our CA-2 duality is always consistent with the Lloyd bound.
However, for charged planar black holes, the situation is not so simple. One has
so that
However, the Lloyd bound is lowered as well by the charged carriers [4] so the above equation
does not lead to any definite conclusion. Indeed, in sec.4.3, we will find that there exists certain charged black holes for which the CA-2 duality does not respect the Lloyd bound.
Spherical black holes
Spherical black holes do not have the generalized Smarr relation. We shall study them in a case-by-case basis. First, for the black hole (47), we obtaiṅ
which gives rise toṠ
implying that the growth of the spatial volume of the WDW patch is smaller than P V . In For the black hole (51), we obtaiṅ
These expressions do not have simple relations to the black hole mass, which is given by
To simplify the discussions, we focus on α = 0 and µ < 1/2. In this case, the horizon radii can be solved analytically as
Note that for a spherical black hole, the positivity of the mass M and r + provides a lower bound on the scalar charge: q ≥ q c with q c = / µ(1 − 2µ). With these results in hand,
we are ready to plotṠ Λ andṠ V as a function of the black hole mass. This is shown in Fig.5 .
We again findṠ
throughout the parameters space.
Charged black holes
The presence of conserved charges puts additional constraints on the system so the growth of the complexity will be slower than the case without the charges. Hence, the Lloyd bound should be properly generalized. A natural choice is [4]
where µ e denotes the chemical potential. The term M − µ e Q gs is simply M − µ e Q evaluated for the ground state. In this subsection, we would like to study the complexity growth of charged AdS black holes. The ground state is taken as either an empty AdS space (for grand canonical ensemble) or an extremal black hole (for canonical ensemble).
We will work in the grand canonical ensemble because the charged black holes studied in this subsection do not have an inner horizon.
We first consider the four dimensional Kaluza-Klein theory
The electrically charged black hole solution is given by
where µ , q are two integration constants. The black hole mass and the electric charge are given by
Note that for a spherical black hole, the positivity of µ and q leads to an upper bound on the electric charge Q < M .
First, we calculate the action growth by using Eq. (18) . We finḋ S = ω 2 µ (kq + 4)r + + 6µq
andṠ
which is positive definite due to the horizon condition f (r + ) = 0 > k − 2µ/r + . Thus, in this case the CA duality always violates the Lloyd bound.
On the contrary, for the CA-2 and CV-2 dualities, we finḋ
for both spherical and planar black holes. To help gain intuition, in Fig.6 , we plot the growth of the complexity as a function of the black hole mass for the three dualities. to CA/CA-2/CV-2 dualities respectively. We have set k = 1 , ω = 4π , G = 1 , g = 1 , q = 1.
Next, we consider the singly charged black hole in the N = 4 , D = 4 gauged supergravity
The black hole reads
Here M and Q are the black hole mass and the electric charge, which are related by
By simple calculations, we deducė
For the CA and CV-2 dualities, we finḋ
for spherical/planar black holes. Here the sign of the first equation is guaranteed by the existence of the event horizon which requires k − 8πGM ω(r + +q) < 0. However, the situation of the CA-2 duality is slightly involved. We finḋ
Its sign strongly depends on the parameters of the solutions. For the planar black hole, The red/blue/green lines correspond to CA/CA-2/CV-2 dualities respectively. We have set q = 1 for the left and middle panels and q = 3 for the right panel. Some other parameters has been chosen as ω 2 = 4π , G = 1 , g = 1.
Eq.(94) will be positive definite for a small black hole with r + < q/2, as shown in the left panel of Fig. 7 . For the spherical black hole, we findṠ Λ will exceed the Lloyd bound as well for a relatively large q, as shown in the right panel of Fig.7 .
From these results, we may conclude that the CV-2 duality is slightly better than the CA-2 duality. In fact, its various advantages suggest that it might be the best holographic dual of the quantum complexity of the boundary field theories.
In this paper, we investigate various proposals (the CA, CA-2 and CV-2 dualities) for the gravity duals of quantum complexity of the boundary field theories.
For the original CA duality, we calculate the action growth of the WDW patch for generally static black hole solutions in Einstein gravity by adopting the rigorous method developed in [6] . We prove that the growth of the action of the Wheeler-DeWitt (WDW) patch at late time is essentially given by the bulk action evaluated at the black hole interior together with the Gibbons-Hawking boundary terms evaluated on the (inner and outer)
event horizon. The proof shows some universal features which do not rely on the details of the gravity theories. We thus argue that the above argument is valid for general higher derivative gravities, without knowing the explicit form of the joint actions.
By carefully examining the thermodynamic volume using Wald-Iyer formalism, we relate its product with the thermodynamic pressure (PV) to a part of the non-derivative gravitational action evaluated on the WDW patch, which is linearly proportional to the cosmological constant. Considering the physical relevance of the thermodynamic volumes of AdS black holes, we propose a new gravity dual for the complexity referred to "complexity=action 2.0" (CA-2) duality: C = S Λ /π , where S Λ reduces to P V in the stationary limit.
We then calculate the growth of the complexity at late time by using the various dualities for a number of black holes in Einstein-Maxwell-Dilaton theories. We find that in many cases, the CA-2 and CV-2 dualities respect the Lloyd bound whereas the CA duality does not. In this sense, the CA-2 and CV-2 dualities favor over the CA-duality. However, we also find a counter example: the charged black hole in N = 4 , D = 4 supergravity, for which the CA-2 duality violates the Lloyd bound as well. We thus argue that the CV-2 duality might be the best holographic dual of the complexity of the boundary field theory.
There are many new interesting directions that are deserved further investigations. For example, modifying the Lloyd bound by an overall factor, studying the complexity formation or exploring the time evolution of the complexity in dynamical space-times, to see what happens in the new situations for the above three dualities.
Certainly, in order to find the correct holographic dual of the complexity, it is of great importance to properly define and calculate the complexity from the field theory perspective.
We refer the readers to [46, 47, 48, 49, 50, 51, 52, 53] for recent developments in this direction.
